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Books
Nektar++ Overview:What is it?

Introduction to

Finite and Spectral S J. S he rWin, R. M. Ki r by

Element Methods

using MATLAB® . .
: Chris Cantwell, Gabrielle Rocco

Spectral/hp
N i

—— Nektar++ is an open source software library currently being
developed and designed to provide a bridge to the community
— to provide a toolbox of data structures and algorithms which
implement the spectral/hp element method, a high-order
numerical method yielding fast error convergence. It is
implemented as a C++ object-oriented toolkit which allows
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Incompressible developers to implement spectral element solvers for a variety
Fluid Flow Galerki Hethods of different engineering problems.
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Nektar++ code

Linear stability analysis

® Eigenvalues from inverse linearised
operator

® Time steppers approach to linearised
eigenvalues

® Transient growth of linearised operator

Imperial College
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base flow +
perturbation

Linearised Navier-Stokes

o
u=U+ed Ou' =0yN(u')+ L(u') u/
keep terms linear in €

Linear system:

u't = /:(U, t)u/

Integrate in time:

u'(x,7) = AU, 7)u'(x,0) <—

-VU +U -V

non-symmetric

u/(z,0)

T =|NAt

A(U,7) = exp ( /O Tﬁ(U,t)dt)

u/(,7)
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Direct inversion of linearised Navier-Stokes system
(Ainsworth & Sherwin, CMAME, 1999 / Sherwin & Ainsworth APNUM 2000)

o' = LU, t)u’
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Aln,m] = (Vb vVeh,) + (65, U -Vl + (6o VUG,
Dbnd[n7 m] = (wma V¢b)

Static condensation:
I 0 —-BC!

0 I DI c!

0 0

int
[ A—BC'BT D —BC™'Dipy 0

A Dan . B
D, bnd 0 D ij;Lt

BT Dy C

Vond fbnd Vbnd R
pop=1 0 j B
Vint fint - T @ .

Vind fond — BO™ fint \
p =1 fp= 7D;1y,,fcilflnt

Vint

I
Dyna = D C7'BT  —DL,C7'Dine 0
BT Dint c

fine

Smallest eigenvalues of L is largest eigenvalue of L/

Imperial College

)\k (A) ~ )\max(Hk)

1. Generate a Krylov subspace T

Restarted Eigenvalue algorithm (1.UNMF 08)
ARPACK: http://www.caam.rice.edu/software/ARPACK/

AQy = QrHy + hyp_1vier .

Wmax ~ Qk Ymax

I / 2,1 k—1,,/
T = {v, Auj, Auy, ..., A" 1y

2. QR factorize T and Calculate
Hessenberg matrix H:

2,7

j—1
1 J
hij = ——|Tig+1 ~ > hiir
=0

3. Use LAPACK to calculate eigensystem of H

In practice use a fixed Kmax.
If iteration exceeds Kmax, then discard oldest
vector, i.e. restart with second oldest vector.

vV —Vp = f
V-u =0

AUO =
u/(z,0)

VU -/
U -V

T =|NAt

u'(z,7)
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Timestepper stability analysis
Tuckerman & Barkley (2000), Barkley & Henderson (1996)

o' = LU, t)u’ u(z,7) = AU, 7)u (x,0)

L o AU, Tuy =
Asymptotic instability if:
u/(z,0)
Re(\(L) >0 = u et
equivalently YU -
U-Vu
| (A)] > 1 = u/(x,7) > u/(x,0) -
T =|NAt
where
o aNT Wi —Vp' = f
i =e V. 0
Note: max y; = max Re()\;)
7 7
If U(t) is periodic, 1; are Floquet multipliers )
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Navier-Stokes Time-stepping

Navier-Stokes: =—-Vp+ vV2u N(u) =u-Vu

V-u=0 a*
. . . . u . vu
Velocity correction scheme (aka stiffly stable):
Orszag, Israeli, Deville (90), Karnaidakis Israeli, Orszag (1991), Guermond & Shen (2003)

J—1 *

J u
Advection: u* = = > agu" "7 — At Y B,N(u"")
q=1

q=0 vVia—Vp=f
V-u=0

Pressure V2t = Lo .
Poisson: At
n=n+1
, o | u” 1 |
Helmholtz: VZ*u"*' — —Zu"t! = — + =Vp"
v At vAt v k
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Transient growth: optimal perturbations
Energy of perturbations over time T

E(r) _ (W(7),4(7))

“1) =50 ~ @0),w0)
AU, T)uy =
Recall: u/(z,7) = AU, 7)u/(x,0) (@,0)
_ (Ad/(0), Au'(0))
¢ = w0).w) m—_
_ (w/(0), A" A (0)) U vl
— (w(0),w(0)) 7 =|NAt
Equivalent to eigenvalue problem: vV —Vp = f
(u'(0), {A" Au'(0) = G(7)u/(0)}) @ —
A" Au!(0) — G(r)! (0) = 0 e
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Transient growth: optimal perturbations

E(r
G(T) = max Q — )\max(A*A) = )\max — [SVDmax(A)]z
«'(0) E(0)
—8 —DN+ Re 'V2 | -V 8 —DN* + Re'V2 | -V
2= V- 0] = V- 0
DN = (U - V' + (VU) - ' DN*u* = —(U - V)u* + (VU)T - u*
uie0) u'(@,0)
VU -u/ V2! — U —
U- v VV.M,VZPO J
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vV — Vp' = f) —-U - Vu/
V-u =0 (VU)T -/,
u'(z,7) w(x,7)
Direct optimal growth analysis for timesteppers, Barkley, D, Blackburn, H.M, Sherwin, S.J, Imperial College

International Journal for Numerical Methods in Fluids, Vol: 57, pages: 1435-145, 2008

Direct inversion vs.Time stepping.

Direct invert Time stepping

Linear eigenvalue Yes (quick) Yes (slow)

. e Exp. method finds
steady base flow | might need shifting Ie);lzing eigc;nvlllue

Yes (slow)
Exp. method finds
leading eigenvalue

Adjoint eigenvalue Yes (quick)
steady base flow [ might need shifting

Linear Floquet mode

about unsteady base No Yes
flow
Transient growth No Yes
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Test cases

Channel flow:

1
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Backward facing step:

Cylinder flow:
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A few papers

Numerical methods:
- Direct optimal growth analysis for timesteppers, Barkley, D, Blackburn, H.M, Sherwin, S.J,
International Journal for Numerical Methods in Fluids, Vol: 57, 1435-145 , 2008

Cylinder flow papers:

- Secondary instabilities in the flow around two circular cylinders in tandem, Carmo, B.S.,
Meneghini, J. Sherwin, S.J., J. Fluid Mech. Vol 644,395-431 , 2010

- Wake transition in the flow around two circular cylinders in staggered arrangements, Carmo,
B.S, Sherwin, S.J, Bearman, P.W, Willden, R.H.J , Journal of Fluid Mechanics, Vol: 597, 1-29 ,
2008

Backward facing step transient growth:
- Convective instability and transient growth in flow over a backwards-facing step, Blackburn,
H.M, Barkley, D, Sherwin, S.J, Journal of Fluid Mechanics, Vol: 603, 271-304 , 2008

Stenotic flow:

- Convective instability and transient growth in steady and pulsatile stenotic flows, Blackburn,
H.M, Sherwin, S.], Barkley, D, Journal of Fluid Mechanics, Vol: 607, 267-277 , 2008

- Instability modes and transition of pulsatile stenotic flow: pulse-period dependence, Blackburn,
H.M, Sherwin, S.J, Journal of Fluid Mechanics, Vol: 573, 57 , 2007

- Three-dimensional instabilities and transition of steady and pulsatile axisymmetric stenotic
flows, Sherwin, SJ, Blackburn, HM, , J. Fluid Mechanics, Vol: 533, 297 - 327 , 2005

Low pressure turbine flow:

- Transient growth mechanisms of low Reynolds number flow over a low pressure turbine blade,
A.S. Sharma, N. Abdessemed, S.J.Sherwin, V. Theofilis, Theo & Comp Fluid Dyn. 25, 19-30 20011
- Linear instability analysis of low pressure turbine flows, N. Abdessemed, S.J. Sherwin, and

V. Theofilis, J. Fluid Mech. , 628, 57-83, 2009. .
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