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Spectral methods have long been popular in direct and large eddy simulation 
of turbulent flows, but their use in areas with complex-geometry computational
domains has historically been much more limited. More recently the need to find
accurate solutions to the viscous flow equations around complex configurations
has led to the development of high-order discretisation procedures on unstruc-
tured meshes, which are also recognised as more efficient for solution of time-
dependent oscillatory solutions over long time periods. 
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use of spectral/hp element methods with particular emphasis on their application
to unstructured meshes. It provides a detailed explanation of the key concepts
underlying the methods along with practical examples of their derivation and
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tional fluid mechanics, applied and numerical mathematics, computational
mechanics, aerospace and mechanical engineering and climate/ocean modelling.
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p-type exponential 
accuracy

h-type geometric 
flexibility

Work ≈ C(h)p(Dim+1)

Error ≈ K(u, p) hp

Spectral/hp element methods Sec. 4: Spectral/hp elements in 2D
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Figure 17: Construction of a two-dimensional expansion basis from the tensor product of two
one-dimensional expansions of order P = 4. A modal expansion (top) and a nodal
expansion (bottom) are shown.

expansion. Since a large part of the efficiency of the quadrilateral expansion (particu-
larly at larger polynomial orders) arises from the tensor product construction, we would
like to use a similar procedure to construct expansions within the triangular domains.
Therefore, to extend the tensor product expansion to simplex regions such as a triangle
we need to generalise the tensor product expansion concept, which can be achieved by
using a collapsed coordinate system.

4.1.3 Collapsed coordinate system

In this section we will focus on 2D expansions defined on the standard triangle Tst,
defined as

Tst = {(ξ1 , ξ2)|− 1 ≤ ξ1 , ξ2 ; ξ1 + ξ2 ≤ 0} .

In the quadrilateral expansions discussed in section 4.1.1 we generated a multidi-
mensional expansion by forming a tensor product of one-dimensional expansions based
on a Cartesian coordinate system. The one-dimensional expansion was defined between
constant limits and therefore an implicit assumption of the tensor extension was that the
coordinates in the two-dimensional region were bounded between constant limits. How-
ever this is not the case in the standard triangular region as the bounds of the Cartesian
coordinates (ξ1, ξ2) are dependent upon each other.
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Overview: What is it?

S.J. Sherwin,  R. M. Kirby
Chris Cantwell, Gabrielle Rocco

Nektar++ is an open source software library currently being 
developed and designed to provide a bridge to the community 
– to provide a toolbox of data structures and algorithms which 

implement the spectral/hp element method, a high-order 
numerical method yielding fast error convergence. It is 

implemented as a C++ object-oriented toolkit which allows 
developers to implement spectral element solvers for a variety 

of different engineering problems.

For more information, go to: www.nektar.info
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ûj dx =

�
ΦHi f∗dx






f [i]

C

D

ξ1 (1)

ξ2 (2)

(3)

1

ξ1 (1)

ξ2 (2)

(3)

1

A B

CD

Ch. 3 Multi-dimensional Formulation 105

where

u′
p =

P∑

q=0

uq
∂hq

∂ξ
(ξ)

∣∣∣∣
ξp

.

This is very significant when calculating non-linear terms such as the advection operator in
the Navier-Stokes equation. For example, to determine the value of the non-linear product
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We note however that if uδ(ξ) is a polynomial of order P then the non-linear product
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∂ξ (ξ) is a polynomial of order (2P − 1) and so it cannot be exactly represented by

the Lagrange polynomial expansion of order P . At the nodal points the coefficient upu′
p will

be identical to the value of uδ(ξp)∂uδ

∂ξ (ξp). Nevertheless, projecting the non-linear terms to
a lower polynomial order in this fashion can lead to aliasing errors as discussed in section
1.4.1.2.

Although this example is in one-dimension, the same properties apply in multiple di-
mensions provided the expansion can be represented by a tensor product of Lagrange poly-
nomials. Using the collapsed Cartesian coordinates systems described in section 2.2.1 it
is possible to represent any polynomial expansion as a tensor product of one-dimensional
Lagrange polynomials.

3.1.2.1 Two Dimensions Differentiation in the Standard Regions, Ωst
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note: Numerical
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Figure 3.4 A general curved element can be described in terms of a series of parametric functions
fA(ξ1), fB(ξ2), fC(ξ1), and fD(ξ2). Representing these functions as a discrete expansion we can
construct an iso-parametric mapping χi(ξ1, ξ2) relating the standard region (ξ1, ξ2) to the deformed
region (x1, x2).

the hierarchical modal expansion. For example, a quadrilateral domain of the form shown
in figure 3.2(b) the mapping can be defined by equation (3.37).

We note that this simply involves the vertex modes of the modified hierarchical expansion
basis within a quadrilateral domain (see section 2.1.1). We could, therefore, have written
the expansion as
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The construction of a mapping based upon the expansion modes in this form can be
extended to include curved sided regions using an isoparametric representation. In this
technique the geometry is represented with an expansion of the same form and polynomial
order as the unknown variables.

To describe a straight-sided region we needed only to know the values of the vertex
locations. To describe a curved region, however, requires more information. As illustrated
in figure 3.4, we typically expect to have a definition of a mapping of the shape of each edge
in terms of the local coordinates which we denote as fA

i (ξ1), fB
i (ξ2), fC

i (ξ1) and fD
i (ξ2). The

process of defining the mapping functions can be considered as part of the mesh generation
process, the discussion of which is in section 3.3.3.

Knowing the definition of the edges (or faces in three-dimensions) a mapping for a
curvilinear domains can be determined using the isoparametric form of equation (3.38)
to include more non-zero expansion coefficients than simply the vertex contributions. In
two-dimensions we wish to use the coefficient along each edge of the element, and in three-
dimensions we can use the face coefficients as well. Along each edge we therefore need to
approximate the shape mapping fi(ξ) if it is not already represented by a polynomial of
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classes contain:
expansion on standard element u(ξi) =

∑
p φp(ξi)ûp
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base flow + 
perturbation

Linearised Navier-Stokes

∂tu
′ = ∂UN(u′) + L(u′)

keep terms linear in 

u
′
· ∇U + U · ∇u

′

non-symmetric

u�
t = L(U, t)u� (∇ · u� = 0)

Linear system:

u�(x, τ) = A(U, τ)u�(x, 0)
Integrate in time:

A(U, τ) = exp
�� τ

0
L(U, t)dt

�

Direct inversion of linearised  Navier-Stokes system
(Ainsworth & Sherwin, CMAME, 1999 / Sherwin & Ainsworth  APNUM 2000)

Coupled linearised Navier-Stokes solvers

Consider the linearised Navier-Stokes element matrix denoted as



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


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p
vint


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0
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

 (1)

where vbnd denote the degrees of freedom of the elemental velocities on the
boundary of the element, vint denote the degrees of freedom of the elemen-
tal velocities on the interior of the element and p is the piecewise continuous
pressure. The matrices have the interpretation
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Dint[n,m] = (ψm,∇φi)

where ψ is the space of pressures typically at order P − 2 and φ is the velocity
vector space of polynomial order P . (To be strictly correct probably have to
break matrices A,B,C into sub-blocks to use the above definitions).

Note B = B̃T if just considering the stokes operator and then C is also
symmetric. Also note A,B and C are block diagonal in the Oseen equation
when the ∇TU are zero.

Since C is invertible we can premultiply the elemental equation (1)by the
following,
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which if we multiply out the matrix equation we obtain
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In the above equation the vint degrees of freedom are decoupled and so we

need to solve for the vbnd, p degrees of freedom. The final step is to perform a
second level of static condensation but where we will lump the mean pressure
mode (or a pressure degree of freedom containing a mean component) with the
velocity boundary degrees of freedom. To do we define b = [vbnd, p0] where p0
is the mean pressure mode and p̂ to be the remainder of the pressure space. We
now repartition the top 2× 2 block of matrices in (3) as

[

Â B̂

D̂T Ĉ

] [

b

p̂

]

=

[

f̂bnd

f̂p

]

(4)
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Spectral/hp element methods Sec. 4: Spectral/hp elements in 2D
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Figure 17: Construction of a two-dimensional expansion basis from the tensor product of two
one-dimensional expansions of order P = 4. A modal expansion (top) and a nodal
expansion (bottom) are shown.

expansion. Since a large part of the efficiency of the quadrilateral expansion (particu-
larly at larger polynomial orders) arises from the tensor product construction, we would
like to use a similar procedure to construct expansions within the triangular domains.
Therefore, to extend the tensor product expansion to simplex regions such as a triangle
we need to generalise the tensor product expansion concept, which can be achieved by
using a collapsed coordinate system.

4.1.3 Collapsed coordinate system

In this section we will focus on 2D expansions defined on the standard triangle Tst,
defined as

Tst = {(ξ1 , ξ2)|− 1 ≤ ξ1 , ξ2 ; ξ1 + ξ2 ≤ 0} .

In the quadrilateral expansions discussed in section 4.1.1 we generated a multidi-
mensional expansion by forming a tensor product of one-dimensional expansions based
on a Cartesian coordinate system. The one-dimensional expansion was defined between
constant limits and therefore an implicit assumption of the tensor extension was that the
coordinates in the two-dimensional region were bounded between constant limits. How-
ever this is not the case in the standard triangular region as the bounds of the Cartesian
coordinates (ξ1, ξ2) are dependent upon each other.
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



A DT
bnd B

Dbnd 0 DT
int

B̃T Dint C









vbnd

p
vint



 =





fbnd

0
fint



 (1)

where vbnd denote the degrees of freedom of the elemental velocities on the
boundary of the element, vint denote the degrees of freedom of the elemen-
tal velocities on the interior of the element and p is the piecewise continuous
pressure. The matrices have the interpretation

A[n,m] = (∇φb
n, ν∇φb

m) + (φb
n,U ·∇φb

m) + (φb
n∇

T
Uφb

m)

B[n,m] = (∇φb
n, ν∇φi

m) + (φb
n,U ·∇φi

m) + (φb
n∇

T
Uφi

m)

B̃T [n,m] = (∇φi
n, ν∇φb

m) + (φi
n,U ·∇φb

m) + (φi
n∇

T
Uφb

m)

C[n,m] = (∇φi
n, ν∇φi

m) + (φi
n,U ·∇φi

m) + (φi
n∇

T
Uφi

m)

Dbnd[n,m] = (ψm,∇φb)

Dint[n,m] = (ψm,∇φi)

where ψ is the space of pressures typically at order P − 2 and φ is the velocity
vector space of polynomial order P . (To be strictly correct probably have to
break matrices A,B,C into sub-blocks to use the above definitions).

Note B = B̃T if just considering the stokes operator and then C is also
symmetric. Also note A,B and C are block diagonal in the Oseen equation
when the ∇TU are zero.

Since C is invertible we can premultiply the elemental equation (1)by the
following,





I 0 −BC−1

0 I DT
intC

−1

0 0 I















A DT
bnd B

Dbnd 0 DT
int

B̃T Dint C









vbnd

p
vint



 =





fbnd

0
fint











(2)

which if we multiply out the matrix equation we obtain





A−BC−1B̃T DT
bnd −BC−1Dint 0

Dbnd −DT
intC

−1B̃T −DT
intC

−1Dint 0
B̃T Dint C









vbnd

p
vint



 =





fbnd −BC−1fint

fp = −DT
intC

−1fint

fint





(3)
In the above equation the vint degrees of freedom are decoupled and so we

need to solve for the vbnd, p degrees of freedom. The final step is to perform a
second level of static condensation but where we will lump the mean pressure
mode (or a pressure degree of freedom containing a mean component) with the
velocity boundary degrees of freedom. To do we define b = [vbnd, p0] where p0
is the mean pressure mode and p̂ to be the remainder of the pressure space. We
now repartition the top 2× 2 block of matrices in (3) as

[

Â B̂

D̂T Ĉ

] [

b

p̂

]

=

[

f̂bnd

f̂p

]

(4)
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Static condensation: 

Smallest eigenvalues of L is largest eigenvalue of L-1

Spectral/hp element methods Sec. 4: Spectral/hp elements in 2D

 !pq("1,"2) = #p("1) #q("2)

#p("1)

"1

"2

#q("2)

p

q
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qa
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a a

 !pq("1,"2) = hp("1) hq("2)
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hq("2)

p

q

p

q

Figure 17: Construction of a two-dimensional expansion basis from the tensor product of two
one-dimensional expansions of order P = 4. A modal expansion (top) and a nodal
expansion (bottom) are shown.

expansion. Since a large part of the efficiency of the quadrilateral expansion (particu-
larly at larger polynomial orders) arises from the tensor product construction, we would
like to use a similar procedure to construct expansions within the triangular domains.
Therefore, to extend the tensor product expansion to simplex regions such as a triangle
we need to generalise the tensor product expansion concept, which can be achieved by
using a collapsed coordinate system.

4.1.3 Collapsed coordinate system

In this section we will focus on 2D expansions defined on the standard triangle Tst,
defined as

Tst = {(ξ1 , ξ2)|− 1 ≤ ξ1 , ξ2 ; ξ1 + ξ2 ≤ 0} .

In the quadrilateral expansions discussed in section 4.1.1 we generated a multidi-
mensional expansion by forming a tensor product of one-dimensional expansions based
on a Cartesian coordinate system. The one-dimensional expansion was defined between
constant limits and therefore an implicit assumption of the tensor extension was that the
coordinates in the two-dimensional region were bounded between constant limits. How-
ever this is not the case in the standard triangular region as the bounds of the Cartesian
coordinates (ξ1, ξ2) are dependent upon each other.

4-2

vbnd 

vint

Restarted Eigenvalue algorithm (IJNMF 08)
ARPACK: http://www.caam.rice.edu/software/ARPACK/

3. Use LAPACK to calculate eigensystem of H

1. Generate a Krylov subspace T

2. QR factorize T and Calculate 
Hessenberg matrix H:

In practice use a fixed Kmax.
If iteration exceeds Kmax, then discard oldest 
vector , i.e. restart with second oldest vector.

Wake transition in staggered arrangements 9

The action of operator A on the perturbation u
�

was computed by integrating the

linearized Navier-Stokes equations, using the same schemes that were used to compute

the base flow. Two changes were necessary in the integration algorithm. The first was that

a linear operator (−(U.∇)u
�−(u

�.∇)U) had to be used to calculate the advection terms.

In this operator, the values of U were computed by means of a Fourier interpolation of the

time slices resulting from the base flow calculation. The second change was to replace the

operator ∇ by (∂/∂x, ∂/∂y,−iβ), and compute the three velocity components (û, v̂, ŵ)

and p̂ on the two-dimensional domains.

The Arnoldi method was used to compute the Floquet multipliers of largest magnitude.

We briefly describe this method here; for a more complete discussion the reader should

refer to Saad (1992). Essentially, this is an orthogonal projection method of a matrix A

on to a k-dimensional Krylov subspace Kk ≡ span
�
u,Au,A2

u, . . . ,Ak−1
u
�
. Given an

orthonormal basis Qk = [v0|v1| . . . |vk−1] of the Krylov subspace Kk, it is possible to

decompose the matrix A in the following way:

AQk = QkHk + hk,k−1vke
H

k−1. (2.10)

Hk is a Hessenberg matrix, whose component on row i and column j is denoted as hi,j ,

vk is a unitary vector orthogonal to the basis Qk and ek−1 is a versor pointing in the

direction of the k− 1 component. Multiplying both sides of eq. (2.10) on the left by Q
H

k

and using the fact that Qk is orthonormal results in

Q
H

k
AQk = Hk. (2.11)

The eigenvalues λ(k)
i

of the Hessenberg matrix Hk are approximations of the eigenvalues

of the matrix A, and the approximate eigenvector of A associated with λ(k)
i

, also called

the Ritz eigenvector, can be calculated using the expression

w
(k)
i

= Qky
k

i
, (2.12)

λk(A) ≈ λmax(Hk) wmax ≈ Qk ymax

Timestepper stability analysis
Tuckerman & Barkley (2000), Barkley & Henderson (1996)

Asymptotic instability if: 

If          is periodic,     are Floquet multipliers

equivalently

where

Note: max
i

µi ⇒ max
i

Re(λi)



N(u) = u ·∇u

Pressure 
Poisson:

∇2pn+1 =
1

∆t
∇ · u∗

Navier-Stokes Time-stepping
∂tu + N(u) = −∇p + ν∇2u

Navier–Stokes:

Velocity correction scheme (aka stiffly stable):
Orszag, Israeli, Deville (90), Karnaidakis Israeli, Orszag (1991), Guermond & Shen (2003)

Helmholtz: ∇2un+1 − α0

ν∆t
un+1 = − u∗

ν∆t
+

1
ν
∇pn+1

u · ∇u

ν∇2u−∇p = f
∇ · u = 0

un

un+1

n = n + 1

u∗

∇ · u = 0

Advection: u∗ = −
J�

q=1

αqun−q −∆t
J−1�

q=0

βqN(un−q)

Transient growth: optimal perturbations
Energy of perturbations over time τ

Recall:

G(τ)

G(τ)

Equivalent to eigenvalue problem:

G(τ)

G(τ)

Transient growth: optimal perturbations

⇒ λmax = [SV Dmax(A)]2

H
∗H

Direct optimal growth analysis for timesteppers, Barkley, D, Blackburn, H.M, Sherwin, S.J ,
 International Journal for Numerical Methods in Fluids, Vol: 57, pages: 1435-145 , 2008

Direct inversion vs. Time stepping. 

Direct invert Time stepping

Linear eigenvalue 
steady base flow 

Yes (quick)
might need shifting 

Yes (slow)
Exp. method finds 
leading eigenvalue

Adjoint eigenvalue 
steady base flow 

Yes (quick)
might need shifting 

Yes (slow) 
Exp. method finds 
leading eigenvalue

Linear Floquet mode 
about unsteady base 

flow 
No Yes

Transient growth No Yes



Test cases

Backward facing step:

Cylinder flow: 

Channel flow: 

-4 -2 0 2 4
-1

0
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